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2 Bastien LECLUSE

Abstract

The following Master’s thesis is an introduction to the theory of maximal operators
and the differentiation of integrals. In the first section, we introduce the basic notions
of differentiation, the maximal operator and important results such as the Sawyer-Stein
principles. We also elucidate the deep connection between the covering properties of a
basis and its differentiation properties. We motivate and illustrate all these notions with
the example of the Hardy-Littlewood maximal operator. In the second section, we focus
on the case of rectangles whose sides are parallel to the coordinate axes. We begin by
studying the strong maximal operator and its generalizations, then we establish an important
theorem due to Stokolos, which gives us a complete characterization of rectangles whose sides
are parallel to coordinate axes in the plane. We conclude by introducing the well-known
Zygmund conjecture. The final section concerns sloping rectangles in the plane. We introduce
the construction of Perron trees and study Bateman’s theorem and its consequences. We
conclude with the almost-orthogonality principle, and give some potential applications for
an open problem.

I would like to express my deepest gratitude to Laurent Moonens for his precious support and
guidance throughout my internship. I am also sincerely grateful to Emma D’Aniello for kindly

agreeing to attend my master’s defense.
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1. General theory

1.1. Introduction and definitions

Definition 1.1. e A differentiation basis of a point z € R" is a collection B(z) of
open bounded sets containing x and having positive Lebesgue measure, such that

3 (Rk)k C B(l‘), diam(Rk) kjo 0.

e A map B defined on R™ such that for all z € R™, B(z) is a differentiation basis at
x, is a differentiation basis in R™.

In the following, we’ll just speak of a “diferentiation basis”.

Examples 1.2. e Let Q,(x) be the set of all cubes of R™ containing x, then the map Q, :
x +— Qpn(x) is a differentiation basis.

e Let Z,(x) be the set of all rectangles whose sides are parallel to the coordinate axes of R™
containing x. The map Z,, : x — Z,(z) is a differentiation basis.

e Let R, (z) be the set of all rectangles of R” containing x. The map R, : x — Rp(x) is a
differentiation basis.

e We denote Q (z) the set of all cubes in R™ containing = and centered at z, and Q) is the
associated differentiation basis. We define the bases 7 and R, as well.

Remark 1.3. We defined R,, the collection of all rectangles in R™ by
Ry :={¢(R): R€TI,, ¢ €< Iso(R")}

where Iso(R™) is the set of all the isometries of R".

Z2
g T4
X1 I3 :

Figure 1: The basis Qy,Z5,R» and another basis in R2.

When there is no ambiguity with the dimension, we will just denote Q, 7, R.

Remark 1.4. We can also consider the basis composed of balls of R™. Because a ball is contained
in a cube and vice versa, often we can understand the case of balls with cubes and conversely.
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Most of our results will concern specific categories of bases, the Busemann-Feller bases, the
translation invariant bases, and the homothecy invariant bases.

Definition 1.5. Let B be a basis. We say that

e B is translation invariant if for each z € R", one has
B(z)={x+ B: B € B(0)}.

e B is a Busemann-Feller basis if for each R € B, € R, one has R € B(z).

e 3 is homothecy invariant if for each R € B, any set homothetic to R with any
ratio and any center is also in B.

Example 1.6. The bases Q*, 7%, R* aren’t Busemann-Feller bases, whereas Q,7, R are.

As its name suggests, a differentiation basis will be used to differentiate integrals. For f a
locally summable function, B a basis and x € R", we write

Dp(f,z):= sup limsup.—— [ f(y)dy
(Ri)rCB(z) k—oo | B| Ry
diam(Ry)—0
and
Dy(f, ) inf  liminf —— [ f(y)d
, ) 1= i iminf — .
=k (Ri)xCB(x) k—oo | Ry Ry, Ve
diam(Ry)—0

Definition 1.7. Let f € LL (R™) and B a basis. We say that B differentiates the integral
of fif
f(z) = Dg(f,z) = Dg(f,z) for a.e. z € R".

Obviously, if f is at least continuous, then every basis differentiate its integral. Instead of
assume regularity with our functions, the challenge is to know whether we can differentiate the
integral of a function with only integrability-type hypothesis, for example if f € L'(R") or if
f € LP(R™). If f € LY(R™), there is the well-known Lebesgue differentiation theorem.

Theorem 1.8 (Lebesgue differentiation theorem, 1910). If f € L'(R™), then

1
f@)=lim — | fy)dy=f(z) foraexzeR",
r—0 ’B,«’ B, (z)

where B, denote the ball of radius r centered at the origin and B, (x) the ball of radius r
centered at x.

We will see later that the Lebesgue spaces are too restrictive to handle all the situations. We
will need a generalization of it, the Orlicz spaces L®(R")(see the appendix A for definitions).
It’s also a suitable framework to define a notion of optimal differentiation space.
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Definition 1.9. Let B a basis and L®(R") an Orlicz space.

e If B differentiates the integral of every function in L®(R"), we say that B differen-
tiates L®(R™).

e If for every function g on R4 such that lim;, g(t) = 0 and g - ® is an Orlicz
function, there exists an f € L9®(R") such that

1
sup  limsup — fy)dy = o0
(Ri)pCB(@) koo |Bi| /R,
diam(Ry)—0

on a set of strictly positive measure, we say that B does not differentiates o( L (R™)).

If B differentiates L®(R™) and does not differentiates o(L®(R")), we say that B differen-
tiates precisely L®(R™).

Locally, the space L°(R") is very small. Indeed, for example we locally have L>®°(R") C
LP(R™) for each 1 < p < oo. Differentiate L>°(R™) can be seen as the weakest differentiation
property for a basis. This motivates the following definition.

Definition 1.10. A basis B is a density basis if B differentiates L>°(R").

Remark 1.11. It’s possible to define density bases in another equivalent way. A basis B is a
density basis if and only if for each measurable set A, for almost every x € R™, we have

. JANRE|

lim =R
hoo | Ryl xa(®),

where (Ry)r is any arbitrary sequence of B(z) contracting to . M. de Guzmén used this
definition in [10], and proved the equivalence between the two statements.

Our main interest will be to answer these questions, at least partially.
e Given a basis B, what class(es) of functions does B differentiates ?

e Conversely, given an Orlicz space L®(R™), which bases differentiate L®(R") ?

1.2. Maximal operators

When a basis B is invariant by translations, the right tool to deal with these problems is the
maximal operator associated to a basis. If R is a bounded Borel set and f a function locally

integrable, let’s denote
1
Anfim i [ 1
B[ Jr

the average of f on R.

Definition 1.12. Let B be a basis. The maximal operator Mp associated to B is
defined by

1
Maf(@)i= suwp Aplfl= sup o [ If]
ReB(x) RreB(z) Bl JR

where f € Ll (R"), z € R™.

loc

In other words, the maximal operator of a function f at x is the supremum of the averages
of |f| on the elements of the basis B(x).
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Examples 1.13. e The maximal operator associated to the basis Q* is called the Hardy-
Littlewood maximal operator, and noted Mpygy,. One has

1
My f(z) = sup
r>0 ‘BT‘ Br(x)

|f1-

This operator is fundamental in harmonic analysis, especially in the study of approxima-
tions of the identity. We can consult [11, Proposition 2.7, p31] for more information. The
maximal operator associated to the cubes Q is known as the uncentered Hardy-Littlewood
maximal operator, noted Myr,. These two maximal operators are equivalent in a certain
way. One has

My f(z) < M f(z) < 2" My f(z)
for each f € LL (R"), x € R".

loc

e M7 is know as the strong maximal operator, and noted Ms. Its case will be studied in
section 2.1, it’s the first natural case of a basis which doesn’t differentiates L'(R"™).

e Given N > 1, let K be the basis composed by all the rectangles in R™ with n — 1 sides of
length h > 0 and one side of the length Nh. We obtain the Kakeya maximal operator.
There are important conjectures about this function, conjectures linked to the Hausdorff
dimension of the Kakeya set. See [11, p47] for more information.

In general, we don’t have an explicit description of B, we sometimes simply prove the existence
of a base with specific properties, without describing it precisely, see for example [25, Theorem 2|.
Thus, the measurability of Mpf can be difficult to verify, even with simple bases. Nevertheless,
everything goes well for a Busemann-Feller basis. We neither have any problem for the bases
Q" T*, R*.

r

Proposition 1.14. If B is Busemann-Feller basis, then
Mg : Li, (R") — M(R"™), Mg : L>®(R") — L>(R"™).

Furthermore, || Mgf|loco < ||flloo Whenever f € L°(R").

\

Proof. If B is Busemann-Feller basis, then for any A > 0, we can easily check that the sets
{Mpgf > A} are open. The second part is trivial. O

In this paper, we suppose that all the basis we’ll be considering will carry locally integrable
functions to measurable functions. If it’s not the case, certain of the results of the theory can be
stated with the exterior Lebesgue measure instead of the casual normal measure. The following
shows the relationship between Mg and its differentiation properties.

Theorem 1.15. Let B be basis and 1 < p < co. Assume that Mp is of weak-type (p, p),
i.e. for each f € LP(R™) and all A > 0,

P
Hz e R": Mpf(zx) > A} S (HJ;HP> .
Then B differentiates LP(R"), i.e.
f(z) = Dg(f,z) = Dg(f,z) for a.e. z € R",

for each f € LP(R").
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Proof. Let f € LP(R™) be fixed and € > 0. For A > 0, we define

Py :={z eR":|Dg(f,x) — f(z)] > \}
and

Py :={z e R": [Dp(f,z) — f(x)] > A}.

Our goal is to show that |P,| = [Py| = 0 for all A > 0. By density, there exists a continuous
function g € C°(R™) such that

1f = glly <e

Clearly, Di(f,x) < Mpf(z) for almost every x € R™ and Dp(g, ) = g(x) for every z € R™. So
by writting f = g+ f — g, one has

[P\l =z € R": [Dp(f — g,2) + (9 — f)(z)] > A}
A

< [{eer:Datr - g0l 3} + e ersi0- pl > 5.

Since
EB(f—gax) < MB(f_g)(x)’

by using the weak-type of Mg and Markov’s inequality we have

— 2C P 2 P 20 +2\?
Pl < (ur-ay) + (Gir-a) < (3552) =

where C' > 0 is a constant. Since ¢ is arbitrary, we have |P)| = 0. We proceed the same for
P,. O

Remark 1.16. The same result is true for Orlicz space. If Mg is of weak-type (®,®) where ® is
an Orlicz function, then B differentiates L (R").

Let’s try to apply this theorem to the Hardy-Littlewood maximal operator, in order to prove
the theorem 1.8. We have to show that My, is of weak-type (1,1). This result is based on a
covering lemma.

Lemma 1.17. Let A be a finited reunion of open cubes,
N
A= Qn (=),
i=1

where @y, (z;) designs the cubes centered at z; of diameter r;. Then, there exists a subset
I c{1,...,N} such that

(i) A CUier @ri(i) ;
(i) [A] Sn Dlier 1Qr (i)l

(i) the cubes Q%r (x;) for i € S are disjoint ;

Proof. To simplify, let’s note Q; := @y, (x;). We arrange the balls by decreasing diameter, we
can therefore assume that
re=ry =z 2 TN

Let 77 := 1. We note
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(we remove all the cubes which intersect @;,) and 72 := min J;. We continue with
Jo = {jE[[i2+l,N]] :QjﬂQiQ#(b}\Jl, 19 := min Jo

and continue with Js3, Jy,.... We stop when there are no more cubes to remove, it necessarily
happens after a finite number of steps. Then, define I as I := {i1,i2,...} C [1,N]. The
construction is illustrated in the figure 2, where we remove the grey cubes.

Qis
Qi,

Qi

Figure 2: ITllustration of lemma 1.17

By construction, the cubes (Q;)icr are disjoint. If j ¢ I, it means that the cube @); intersects
some Q; for some i € I with i < j. But it’s easy to see that in this case we have Q; C @3, (;).
2 3
Indeed, if z € Q; and y € Q; N Q;, then

&= il < o = 2lloe + 125 = oo + Iy = wlloe < L+ 2+ 2 < I
2 2 2 2

The second item is then proved, and it also directly implies the third and last item. O

We are now able to prove the Hardy-Littlewood maximal theorem.

Theorem 1.18 (Hardy-Littlewood maximal theorem). The Hardy-Littlwood maximal
operator My, is of weak-type (1,1).

Remark 1.19. In fact, a weak-type (1,1) for Myy, is the best we could hope for, we can’t have a
strong-type inequality for Myy,. Indeed, Myy, f is in L'(R") if and only if f is identically 0 (see
[11, p36]). Nevertheless, we can show that if f is an integrable function supported on a compact
set K, then Myy, € L'(K) if and only if f € Llog" L(K) (see for example [22]).

Let’s move to the proof.

Proof. Let A > 0 and f € L'(R"). We write A = {x € R® : My f(x) > A\}. For each z € A,
there exists a cube Q(z) centered at z such that

/ 1> Q).
Q(x)

These cubes cover A, A C Uyea@Q(z). Let K C A be a compact subset of A. Then there are N
points z1,...,xy such that

N
K c Q).

=1
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By the lemma 1.17, there exists I C {1,..., N} such that

! bil
KIS leelsy [, i<

icl Uiz, Q(

Since the right term is independant of K, we can conclude by using the regularity of the Lebesgue
measure. O

So, by theorem 1.15, the Lebesgue differentiation theroem is proven. By using the well known
Marcinkiewicz interpolation theorem (see [11, Theorem 2.4, p29]), My, is even of strong-type

(p,p) for p>1:
Myy, : LP(R™) — LP(R™) and  ||MuaLfll, S 11fllp

where f € LP(R™). Since a strong-type implies the corresponding weak-type, we also can assert
that Q* differentiates LP(R™), 1 < p < oo. We also have an analogue of the theorem 1.15 for the
space L>°(R™) and the density basis. See [14, Lemma 1| for the proof.

7

Theorem 1.20. Let B be a Busemann-Feller basis invariant by translations. Suppose
that for any a € (0,1) there exists » > 0 and a constant C' < oo such that for each
mesurable set £ C R" with |E| < oo, we have

{z e R": Mpxg(z) > o}| < C|E|

where ]
Mpxe(x) := sup / XE-
ReBz) Bl /R
diam(R)<r
Then B is a density basis.
Remark 1.21. The quantity
1 n
Cp(a):= sup — [{x € R": Mxp(z) > o}
ecr | E|
0<|E|<o0

is called the Tauberian constant associated to B and « € (0,1).

By the Hardy-Littlewood maximal theorem and the last result, the following holds.

Corollary 1.22. Q" is a density basis.

In the example of the Hardy-Littlewood maximal operator, we saw that weak-type, and so
differentiation properties of a basis, can be derived from covering result. In fact, this phenomenon
is very general. It’s the object of the next section.

1.3. Covering properties

The differentiation properties of a basis are deeply related to its covering properties. For example
the Lebesgue differentiation theorem (theorem 1.8) is a consequence of a covering result for cubes.
We are going to generalize this type of covering. Note that these results arent’t usefull only in
differentiation theory, but in many other fields. Firstly, we can generalize the idea developped
for the Hardy-Littlewood maximal theorem. The following theorem is a generalization of lemma
1.17. There are many different versions of it, we refer to the first chapter of [10].
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Theorem 1.23 (Besicovitch, 1945). Let A C R™ be a bounded set. Assume

Ac Q@)

z€EA

where Q(z) is closed cubic interval centered at z. Then there exists a sequence of cubes
(Qk)k (which can be finite) such that :

(1)
AC U Q.
k

(ii) There exists a constant C' such that for every x € R™,

Z XQx (x) < C
k

(iii) The sequence (Qr)r can be decomposed into a finite collection of families of disjoint
cubes.

Remark 1.24. The second point means that every point x € R™ is in at most C balls By, this
means that the balls By are of bounded overlap.

Definition 1.25. A basis B is called a Besicovitch basis if given a bounded set A C R",
and a set R(z) € B(x) for each x € A, one can choose from (R(z))zca a sequence (Ry)
such that A and (Ry)j satisfies the points (i), (ii) and (iii) of theorem 1.23.

Example 1.26. An example of another Besicovitch basis is given in [10, p118|, in the plane.
We consider the basis B invariant by homothecies generated by the rectangles (Ry)x such that
for any k
Ly,
Ik
where Ly (l) is the length of the longest (shortest) side of Ry. Then we can show that B is a
Besicovitch basis, and then differentiates L(IR?).

<2,

Following the same proof as in theorem 1.18, we obtain the next result.

Theorem 1.27. Let B be a Besicovitch basis. The following holds.
e Mp is of weak-type (1,1) and of strong-type (p,p) for 1 < p < oo.

e 13 differentiates LP(R™) for 1 < p < oo.

If the open sets of our basis satisfy some inclusion hypothesis, theorem 1.27 applies (see 23,
p24|) and we have the following.

Proposition 1.28. Let .% be a one parametrer monotonic family of intervals in R™, i.e.
F = {Rt}0<t<ooa and (S < t) = (Rs C Rt) .

Then the basis
B:={zx+R:2€R"Re F}

differentiates LP(R™) for 1 < p < oo.
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We can also wonder in which way some differentiation properties imply corresponding covering
results. This question is studied in chapter VII of [10]. We conclude this section by talking about
some Vitali covering type, which is the most traditional tool to prove the Lebesgue differentiation
theorem. The basics about it are given in the first chapter of [10]. In 1975, Cérdoba showed that
a Vitali covering property is in fact, under some light hypothesis, equivalent to differentiation
properties. The results and the proofs can be found in [3]. We first introduce the notion of
B-Vitali covering and the property (V;).

7

Definition 1.29. Let B be a Busemann-Feller basis, and £ C R™ be measurable set. We
say that V' C Bis a B-Vitali covering of E if for every x € E there is a sequence (Ry)r C V
such that Ry € B(x) for each k and Ry, shrinks to z as k — oo.

Definition 1.30. Let 1 < ¢ < oo, and B be a Busemann-Feller basis. We say that B
has the property (V;) if for any measurable set E, every B-Vitali covering V' of E and any
e > 0, one can select a sequence (Rg)r C V such that

=0, <6

E\| R URe\E
k k

< |E[Va.

> xmy
k

q

In his article, Cérdoba has shown that the covering property (V;) is in fact equivalent to
differentiation properties.

r

Theorem 1.31 (Cordoba, 1975). Let B be a Busemann-Feller basis invariant by transla-
tions. The following are equivalent.

(i) B differentiates LP(R™) ;
(ii) B has the covering property (V) ;

Where%—kézlandl < g < o0.

\

Remark 1.32. The special case ¢ = 1,p = oo is due to de Possel.

1.4. Sawyer-Stein principles

Using basic tools of harmonic analysis, we basically saw that if Mg is of weak-type then B has
good differentiation properties. What about the reverse 7 Actually, the converse is almost true,
it’s the Sawyer-Stein principles. For r > 0 and B a basis, we introduce the truncated maximal
operator

: 1
Mif@) = swp o 1]
reB@) Bl JR
diam(R) <

To prove these Sawyer-Stein principles, we will need the following lemma (see [27, p165, 11]).
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Lemma 1.33. Let (Ex)ren+ be a sequence of mesurable subsets of R™ such that

[o.¢]
> B = o0.
k=1

Then, there exists a collection (7x)ren+ of translation such that almost every point in R™
is contained in infinitely many of the sets (74 Ej)ren+-

1.4.1. The cases, L?(R"), p < oo, and L?(R")

Our goal is to prove the following.

Theorem 1.34 (Sawyer-Stein principle for LP(R™)). Let B be a Busemann-Feller basis
invariant by translations. If 1 < p < oo, then the following are equivalent.

(i) There exists r > 0 sucht that My is of weak-type (p,p).

(ii) B differentiates LP(R™).

The first step is to reduce the problem to a local problem.

Lemma 1.35. Let B be a Busemann-Feller basis invariant by translations. The following
are equivalent.

i) There exists r > 0 sucht that M} is of weak-type (p,p).
B

(i)’ For each fixed cube @, there exists » > 0 (depending of @) such that for all f €
LP(R™) with supp(f) C @ and each X\ > 0 we have

p
o € R 5 M3/(0) > Al 5o ((112)"

Proof. Of course one has (i) = (i)’. We prove the converse and suppose that (i)’ is true. Then,
for each cube @) two constants rq,Cg are given. Since B is invariant by translations, it’s clear
that rg and Cg do not depend on the place in R™ where @) is located, but only on its size. In

addition, Mg/z < My so we can assume that 7 is less than half the length of the side of Q.
We now fix a cube @, and denote r := rg and C := Cg. Let f € LY(R"), f > 0, with support

contained in infinitely many disjoint cubic intervals (Q;);en+ of the same length-size I. Then, as

we have assumed, if » < é, for A > 0 one has

{Mgf > 2} = | J{ME(fxo;) > A}
j=1

and the sets ({Mz(fxq,) > A})jen are disjoint. Hence,
o0 fo%S) »
{MES > M = H{Mg(fxq,) > M < ZCAP/Q m_c (”i”p)
J=1 j=1 i

foreach j > 1, Co, =C and rg. = ). O
( J Q) Q)

We can now prove the Sawyer-Stein principle.
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Proof of the theorem. We already proved that (i) = (ii). By the proposition 1.35, it suffices to
show that (ii) = (i)’. Assume (ii) and suppose that (i)’ does not hold. Then, there exists a cube
@ such that for each constants cg,r; > 0, there is a function f; € LP(R™) with supp(fx) C @
such that

p
‘{l’ e R™: Mgkfk(iL') > )\k}| = Ck <”Jj\kk||p> .

for some A\, > 0. We note Ej, := {x € R" : M/ fi(x) > A\;}. Using lemma 1.33 and the sets
Ey, we are going to construct a function that is not differentiable by B. Let (r)x be sequence of
positive numbers, 7, — 0, such that all the numbers rj are less than the side-length of @, and
let ¢, = 2F. We note 9k = fr/ k. Let @ be the cube centered as @ but with 3 times his size.
Clearly Ej, C Q and

|Bul = [{z € R" : My gr(z) > 1} > 27| gullp. (1)

For each k € N* we choose an integer my, such that

Q| < my|Ex| < 2|Q] (2)

(it’s possible because |Fi| < Q). Then

oo
Z my| Ey| = oc.
k=1

We define the sequence of sets {A;}jen+ by repeting my, times the sets Ej, i.e.

{A1,...,An,..} ={E1,...,E1,...,En,...,En,...}.

m1 times mpy times

Since

S A =D mg| Byl = o0

j=1 k=1

we can apply the lemma 1.33. There exists some points
RS NS VU A

such that almost every point in R™ is containded in infinitely many of the sets E/,JC +t! , where
E] = Ej for 1 < j < my,. We define for all k& > 1 the functions

gh(@) = gr(z —t)), 1< j < my,

and

fel@) == sup gl(z), f(x):=sup fi(x).

1<j<my keN*
Then, for all x € R" we have |fx(2)[P < 377 gl (x)]?, so

mp

Rl < >~ Ighlly = mallgnll?-
j=1

We have to show that f € LP(R™). With the inequalities (1) and (2), it comes

o0

o0 o oo
IAID < DIl <Y millgelly <> milBrl27" < 2Q1) 27F < 0.
k k=1 k=1

k=1 =1
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Now, let’s show that the integral of f isn’t differentiable by B. Almost every € R" belongs to
an infinite number of sets of the form E} + . Then, for almost every x € R™ there exist two
strictly increasing sequences {k;}, {j»} C N* such that

v € B+t
By the definition of the sets Ei, for z € E,J;; + tﬁ we have
Mg f(z) > Mg gl (z) > 1

Then for almost every x € R™ there exists a sequence {Ry(x)}ren+ C B(z), of diameters tending

to 0 such that

1
o £
|Ri(2)| J Ry ()

We supposed that B differentiates LP(R™), since f € LP(R™) we know that

im — [ f=f@)

k—oo |R(2)| J ry(a)

for almost every = € R™, and so we have f > 1 almost everywhere. We obtain a contradiction
because f has to be in LP(R™). O

Remark 1.36. If we further assume that the basis is homothecy invariant, then we can replace
M} by Mp in theorem 1.34, see [10, Theorem 3.4].

In fact, following exactly the same proof, the Sawyer-Stein principle remains valid in Orlicz
spaces. Indeed, during the proof we never used any particular property of the space LP(R™),
only the weak-type inequality matters.

Theorem 1.37 (Sawyer-Stein principle for L (R")). Let L®(R") be an Orlicz space, and
B a Busemann-Feller basis invariant by translations. Then, the following are equivalent.

(i) There exists r > 0 such that My is of weak-type (®,®).

(ii) B differentiates LT (R™).

1.4.2. The case L (R")

We also have a version of the Sawyer-Stein principle for the density bases. We refer to [14] for
the proof, there are a few similarities with the LP(R"™) case.

Theorem 1.38 (Sawyer-Stein principle for L>(R"™)). Let B be Busemann-Feller basis
invariant by translations. The following are equivalent.

(i) B is a density basis.

(ii) For any a € (0,1), there exists a real » > 0 and a constant C' < oo such that for
each measurable set E C R" with |E| < oo we have

{z € R : Mjxs(z) > a}| < C(a)|E|

Remark 1.39. If we further assume that the basis is homothecy invariant, then we can replace
My by Mg in the theorem, see [10, Theorem 1.2 p69].
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(0,1)2 be the unit cube

3

} and

1

2

= Q.

Master thesis.

so A C {MBXQ >
1
MBXQ > 5

1
29

{a:—i—F(a,b,c,d):a,b,c,d>0,:c€R2}

RNQ)|

B:

SR

Figure 3: The set I'.

A T Y

Theorem 1.38 is very useful for constructing counterexamples. For example, there are bases
that are not density bases. Let’s construct one of them. We consider the basis B defined by
of R?, and A := {(z,y) € R?: 0 < y < 1}. If (x,5) € A, it’s clear that we can find a set R € B

where I'(a, b, ¢, d) is the open set defined below in the figure 3. Let Q

By theorem 1.38, B is not a density basis.

containing (z,y) such that | o

e}
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2. Rectangles with sides parallel to coordinate axes

2.1. The strong maximal operator

In this section we take n > 2 (otherwise the strong maximal operator is just the unidimen-
sional Hardy-Littlwood maximal operator). We have seen that Q differentiates L!(R"), this
is Lebesgue’s derivation theorem. In this section, we study the differentiation basis Z. Since
the differentiation basis Z is a Busemann-Feller basis, the measurability of My is ensured by
proposition 1.14. With the help of theorem 1.18, we have the following.

Proposition 2.1. Let 1 < p < o0o. Then the strong maximal operator My is of strong-
type (p, p).

Proof. The case p = oo holds for each maximal operator. Assume that 1 < p < co. We denote
M the maximal operator associated to Z*. As in example 1.13, there exists a constant C, such
that, everywhere on R one has

MIf < Myf < C,M;f

for each f € LL (R™). Thus it’s enough to show that M is of strong type (p,p). Let f € LP(R™).

loc
For z € R™, we have

M f(z) = sup !

T 1] |f(z —y)ldy
71,00y >0 ’ Hi:l(_ri7 Tl)‘ H?:l(—n','l‘i)

1 1
< sup — / T Sup / ’f(l"/ — vz —y )\dy'dy
10y Tn—1>0 | H?le(—ri, Ti)’ H;:ll(—ri,n-) ‘(_Tna 7nn)| rn>0J (—rp,rp]) " " !
1 1 (n) / / /
< sup — Myy f(z" =y, z0)dy,
T1yeeesTn—1>0 ’ H?le(—’ri, 7’1)’ ;L:_ll(—ri;ri) ‘(_Tna TTL)| HL "

where MI({? is the Hardy-Littlewood maximal operator in the nth variable only, and x =
(2',7,) € R"! x R. By repeating this computation, the Fubini’s theorem and the theorem
1.18 leads to the desired result. O

It’s natural to wonder what happens for p = 1. We can expect to obtain a weak-type (1,1),
like the Hardy-Littlewood maximal operator, but in fact not at all.

’

Proposition 2.2. The strong maximal operator Ms is not of weak-type (1,1).

Proof. Firstly, and in fact the main work is here, we will focus on the case n = 2. We begin
by exhibiting a useful construction in the plane. Let N > 1 be an integer. Let i € {1,..., N}.
Consider the rectangle R; € Z, whose bottom left-hand corner has coordinates (0,0) and whose
top right-hand corner has coordinates (7, N/i) (see figure 2.1). Then we define
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Figure 4: The construction for N = 4.

The area of Iy is therefore 1, while

1 1

Using this construction, let’s show that Mg cannot verify a weak-type inequality (1,1) for the
indicator function of In. Let « € Uy. Then there exists j € [1, N] such that € R;. Hence,

. B P ALY
Xiw)( Z 1R - R T NN
Therefore,
1
M —
and

1 1 1
M, — U s yIN(1+=4+...=
[t > g b = v (1454 )

This contradicts the weak-type (1, 1) inequality for NV large enough.
For the general case n > 2, it suffices to consider the sets

TN = Iy X [0, 1]n_2, (7]\] =Upn X [0, l]n_2
We conclude the proof in a similar way. O

By the Sawyer-Stein principle, we know that there are integrable functions for which the
integral are not differentiated by Z, that is to say that Z does not differentiate L!(R™). On the
other hand, 7 differentiates L?(R") (proposition 2.1). The question is : is there an intermediate
space between L'(R") and L?(R") such that Z differentiates (precisely) this space? The answer
is yes : it’s the Orlicz space L®(R") for ®(t) := t(1 + logt ¢)" 1.

Theorem 2.3 (Jessen, Marcinkiewicz, Zygmund, 1935). Let f € L] (R™). Then

n—1
e R ML) A < /R /o) <1 +log* f&fﬁﬂ) da,

for each \ > 0.
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Remark 2.4. For ®(t) = t(1+log™ t)¥, the space L®(R™) will be denoted L(log™ L)*(R™). Indeed,
if ®(t) := t(log* t)*, then locally L®(R") = L*(R").
The analogue of Lebesgue’s differentiation theorem,
. 1
f(z)= lim ]R|/ f(y)dy, for almost all x € R"
R

diam(R)—0
ReZ(x)

is therefore false for some functions f € L'(R™), but remains true if f € Llog* L(R"). By
theorem 1.38, we know that Z is also a density basis. We’ll prove the theorem in the plane case,
n = 2. In the next section, we’ll look at a way of generalizing it. We take the proof from de
Guzmén’s book, see [10].

Proof. Let f € L} (R?), f > 0. The idea is to use Hardy-Littlewood’s maximal theorem, as

loc
well as Fubini’s theorem, in a clever way. For (z1,72) € R? and A > 0, we define

1

Ty f(x1, x2) := sup {U]

/ f(&1,22)d&; : J interval of R containing :Ul} :
J

A= {(m,m) € RZ: Ty f(m,m) > A/2};

and

1
Tof (x1,z2) := sup {]H|/ XA(z1,m2)Thf(x1,m2)dne : H interval of R containing ;172.} .
H

We’ll show that if Mgf is large at a point, then T f is also large at that point. Let’s show that
B = {(£1,6) € R?: Muf(&1,62) > A} C {(61,&) € R? : Tof (61,&) > A/2} =: C.

Let (z1,22) € R? be such that M, f(x1,22) > . So there is a rectangle R = J x H of R? such
that

1
r1€J, x0€ H, /f>)\
IR| Jr
Let’s cut out the rectangle R as follows. We write R = C U Cy, where :
o if for all (z1,y2) € J x {y2}, we have T1 f(z1,y2) > \/2, then J x {y2} C C1 ;
e otherwise, if there exists a point (z1,%2) € J x {y2} such that T f(z1,y2) < A/2, then

J x {yg} C Cs.

x2

z1

Figure 5: R =C1 U Cy

Note that 1 \
Txqmbc Co= o [ pemia < 5
] Sy 2
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So we’ll integrate this inequality on the set {&a € H : J x {{&2} C Co} =: D, then we get

/02f:/D/Jf(§17§2)d§1d§2 < /D;\J’dfzz %\Cz\ < %II\,

because |Ca| = |J||D| and |R| = |C1| + |C2|. One has
Lo+ =] >
C Cy

> %|R|. (%)

1t comes

We also have
1
Tof(xz1,22) > / xa(xy,n2)T1f(x1,m2)dne
|H| /g
> i [ xatenm) o fommydmd
Z T XA\Z1, M2) 777 J N1, N2 )dnidn2
|H| /i | J|

1
= / xa(@1,m2) f(m, n2)dmdns.
\R| Ju
But C7 C A. Indeed, by definition of C}

A
> — = (1‘1,772) € A.

(n1,m2) € Cr = (w1,m2) € C1 = T1f(x1,7m2) 5

Using inequality (x), we finally have

1 A
Tof(z1,72) > / f(m,me)dmdnz > 3
C1

R

Hence we have the inclusion B C C. We now assume that f € L*(1 + log® L!)(R") (the result
being trivial otherwise). By Hardy-Littlewood’s maximal theorem, we have

H&2 e R:Taf(z1,82) > A2} S gHTﬁ(l‘la M @ny = 2/RXA(xla€2)T1f($la£2)d§2~

A

We integrate over the set of 1 € R then change the order of integration :

€= 1{(61,6) € B Tof(@1,6) > M2H S 1 [ [ vl 0Taf (6, €0)dndee
RJ/R

We know that if g € L'(R), then

/ lg(x)|dx = /OO [{t € R: |g(t)| > A}|dA.
R 0

Here, we get

o< /R/Ooo Hfl CR. xa(&, 52))\/T;f(§17§2) - J}’dodgg L4

where

1 {&GR xAa(&1,&)Th (&1, &)

/2
ne

We’ll estimate these integrals differently.

> U} ‘ dodés

and

dO’dfg.

{51 cR. XA(fh&))\Zéf(fl?&) - U}
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e Fixany 0 <o < 1. If (§,&) € A then T f(£1,&2) > A\/2. So :

xa(&1, &)1 f(&1, &)
H& R A2

5 0}1 e € R:TL(EnE) > A2

Once again, we use the Hardy-Littlewood theorem,
2
I / {61 e R:Thf(&,62) > A/2}dEe S )\/2 f(&1,62)d61dEs.
R R

e To estimate I, we truncate f according to its large values. We define for a fixed o > 0

f(£17£2) if f(£1a£2) =X Ta—

Jox(&1,62,0) == {0 if f(&1,62) > 22,

and fJ = f — fou. Since T f < T1f; +T1fo and T1 foe < 4 , we have

‘{51 eR:xaTif(&1,&2) > A;H S Hfl ER:T1f5 (6, 62) > >‘40'H

Hence,

I 3 /R/loo Hfl eR:Tif;(&,&2) > /\j}‘dad&
5//00/ if;(£1752)d§1d0'd£2

4f(€1 52)

/R 2 / Jol81:82) ragya,

where we used the Hardy-Littlewood’s theorem and Fubini’s theorem. Next, a calculation

leads to
I 5 f(é.l?gQ) 10g+ 4f(£17§2)
R2 A A

d&1dés.

By putting together the estimates of I; and I, we can conclude the proof. O

It is possible to establish another proof of this theorem, based on geometric arguments. This
proof is due to Cordoba and Fefferman, see [5], and it’s based on theorem 1.31. This proof is
interesting because it gives us a better understanding of the geometry of rectangles. Furthermore,
we know that the inequality of the theorem 2.3 is the best that we can hope for. Indeed, this
weak-type inequality implies that Z differentiates Llog™ L(R?), but in 1935, Saks proved that
it’s the best space differentiable by Z, see [20].

[ Theorem 2.5 (Saks, 1935). The basis Z does not differentiate o(L log™ L(R?)).

We have the immediate corollary.

[ Corollary 2.6. The basis Z differentiates precisely Llogt L(R?).

2.2. Restriction on the number of sides with different length

Up to now, we deal with the basis Q and the basis Z (in the plane). The first one differentiates
L'(R™), and the second one differentiates (precisely) L(log™ L)*~}(R") (we proved it for n = 2,
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but the result holds for each n > 1, as we’ll soon see). The goal of this section is to have a first
look on an intermediate situation, 4.e. what happens for a basis B such that

QCBCTI.

We still consider rectangles with sides parallel to axes, the restriction on B are going to concern
the number of sides with different length.

Definition 2.7. For 1 < s < n, we note By C Z,, the basis such that for all x € R",
Bs(x) is the collection of open bounded intervals containing = such that s of the n side
length are equal.

Remark 2.8. Of course, By =7 and B,, = O.

The theory about the bases Bs is based on the strong maximal theorem. We will need the
following result, see [9] for more details.

Proposition 2.9. Let B;, i = 1,2 be two bases in R™ and R"2. We assume that Mp, is
of weak-type (®;,®;), for i = 1,2, where ®; are Young functions. We note B C R™*"2
the product basis of B and Bo, i.e.

B = {Rl X Ry : (Rl,Rz) € By x 82}

Then, for each A > 0 and f € L] (R™M+n2)

loc

H:B € R+ : Mpf(z) > A}|

comf o (W] [

By applying several times proposition 2.9, we have the following generelization obtained by
Zygmund in 1967, see [28].

7

4 f (=)
X

o (L] 0

Theorem 2.10 (Zygmund, 1967). Let f € LL (R") and 1 < s < n. Then

o e R M 1) > AN %o [ I (110 D) s

Rn

pour tout A > 0.

As in the case of Z, the space L(log™ L)"~*(R") is in fact the best differentiable space by B,
and therefore the last inequality is the best we can have. We can refer to |24, Theorem 2| for
the proof.

Theorem 2.11. The basis B, does not differentiates o(L(log™ L)"~*(R")).

Corollary 2.12. The basis By differentiates precisely L(log™ L)"~%(R").

Remark 2.13. By applying the theorem for s € {1,n}, we obtain the theorems 2.3 and 1.18.

It’s interesting to note that locally, we have the inclusions

LYR™) > --- > L(log™ L)"*(R") D --- D L(log™ L) }(R"),
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and at the same time we obviously have
Q=B,C---CBsC---CBy=1.

We seem to notice that if a basis has few elements, then it will have good differentiation properties.
But what is the meaning of “few elements” 7 The next section will answer that, at least for the
case n = 2.

2.3. A geometric characterization for rectangles in the plane

We focus on the case n = 2. We saw that Q differentiates L'(R?), and Z differentiates
Llog® L(R?). Given a basis B invariant by translations such that @ C B C Z, it’s clear that
B differentiates Llog™ L(R?). But does B differentiate L'(R?), or any other intermediate space
between those two 7 In 1988, in [25], Stokolos proved that there are only two possibilities : either
B differentiates L'(R"), or B does not differentiates o(Llog™ L(R?)). Furthermore, Stokolos has
given us a geometric criterion to determine which case we are.

Definition 2.14. Let R, R’ C T be two rectangles. R and R’ are said to be comparable,
and we note R ~ R, if we can include one in the other via a translation. Otherwise, they
are said to be incomparable, and we note R « R'.

Remark 2.15. The relation ~ is not an equivalent relation, transitivity fails (see figure 7).

]

Figure 6: Comparable rectangles.

]

Figure 7: Incomparable rectangles.

Like usually in harmonic analysis, we’ll work with dyadic decomposition, and here with dyadic
cubes. If R € 7, we define R* € 7 as the cocentric rectangle of minimal measure containing R
with side-lengths of the side 2%, for k € Z. If B(x) C Zy is a basis fo 2 € R?, we denote

B*(z) ={R": R € B(z)}
and B* : z € R? — B(z).

-

Definition 2.16. Let B be a basis. We'll say that B has the property (S) if

Ve>0,VkeN,I{R;}F, CB*: Vi#j, R +Rj,
Vi e [1,k],diam(R;) < e.

In other words, B has (.5) if we can find an arbitrarily number of arbitrarily small pairwise
incomparable rectangles in the associated basis.
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Theorem 2.17 (Stokolos, 1988). Let B C 7 be a translation invariant basis. Then :
e if B has property (S), then B does not differentiates o(Llog* L(R?)) ;

e if B fails to have property (S), then B differentiates L!(IR?).

Remark 2.18. Since B C Z, if B does not differentiates o(Llog™ L(R?)) then B differentiates
precisely Llog™ L(R?).

We will need the following lemmas.

Lemma 2.19. Let (ax)r>1, (bk)k>1 be two sequences of non-negative numbers. We
assume that > ;2 ar < oo and by —> 0. Then, there exists a sequence of integers
(mg)r>1 C N* such that

o0 o0
Zakmk = oo and Zakbkmk < 00.
k=1 k=1

.

Proof. Let (k;);>1 be a strictly increasing sequence such that for all I € N* we have

1

bkl < ﬁ

For | € N*, we choose m; € N* an integer such that

1 — 1
w— Sy < 2+ o——.
lgaklbkl l3aklbkl

Then it comes that

oo o0
Zaklﬁ{l =oo and Zaklbklfnvl < 0.
=1 =1

To obtain the correct form of the lemma, we can define the sequence (mg)g>1 as

my if k€ {k;} and k = ki,

mp =
1 otherwise.

O

The second lemma is the main tool in the proof of the theorem, it’s a covering property. See
[25, Lemma 1| for the proof.

Lemma 2.20. Let B be a basis with the property (S5). Then, for any € > 0 and k € N,
there are sets © and Y such that

Oocy, diam(Y)<e, |Y| > k2FY0),
and

IRN 6|

= g
|R|

VeeY, IRe B (z): diam(R) < ¢,

We can now prove the theorem.

Proof of the theorem. We suppose that B has property (S), and let g be as in the definition 1.9.
We note @ : t — g(t)tlog™ t. Denote by B the basis obtained from B by dilation with coefficient
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% Applying the lemma 2.20 with ¢ = ¢, k—> 0 and k € N, we obtain sequences of sets (Og)r>1,
(Y

&)k >1 satisfying the lemma’s conclusions. First of all, we have

diam(Yk) < e — 0.
k—o0

Since for each y € Yy, V) is included in the ball of center y and of radius diam(Y}), we have
Yi| S [diam(Y)|™ Sy, €f. For the sets Oy, it implies that

n
&k

|@k| Eok—1"

so by choosing (ex)x small enough, we can assume that
[e.e]
Z k‘Qk’@H < o0
k=1

(for example 5 = 27%/™). Furthermore, by the lemma 2.19 there exists some numbers (mg)p> 1
such that

o o 1 o0
2k = 2F) k2" =——) &2 :
;k 1O |my, = oo, ;9( Jk2%|©k|my, Tog 2 ; (27)[Og|my < o0 (3)

Moreover, let o be numbers such that ay k—> oo and
— 00

> glar2¥)kay2¥ Ok |my, < co. (4)
=1

Let’s (IV})jen be defined by
No=0, Vk > 1,N; :ka.

We define sequences of sets (Ej)32, (Gr)iy, by
Ey = @j, G = , if Nj_l <k < Nj.

Then by (3) it comes that

o0

oo oo
MG =D [Yjimy = > 271 6]m; = oo
k=1 k=1 j=1

By the lemma of random translation 1.33, there are translations (7)x >1 such that almost every
x € R? lies in infinitely many of the translated sets 7,Gj. Let j € N*. For N;j1 <k < N;
define

fo:x € R? v ;27 x,, g, ()

and

f:zeR:— sup fi(x).
keN*
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Let @ = [0,1]? be the unit square.

/wﬂmm< /wanx
Q Q

N;

S /Q & (02 yne s, (1))

k_Nj 141
]
/ ozj2

Tr Bk

®(;27)|0;]m;.

'Mwmg

<
Il
-

/AN
M8

1k Nj_1+1

r'na ;

<.
Il
-

Then by (4), f € ®(L)(R?). Tt remains to show that B doesnt’t differentiates the integral of
f. We know that almost every z € R? lies in infinitely many of the sets 7,G,. The basis B is
invariant by translations, so 74 Ej and 7,Gj, satisfies the last point of lemma 2.20. Hence, for
x € 1,G), with Nj_1 < k < Nj, there exists a rectangle R € B*(x) such that

;27 |Rﬁ7‘kEk|
fly)dy > /fk: =" > q;
\RI/ |R| R ’

Since aj — 00 as j — 0o and (so k as well), we conclude that Dg. (f,z) = co. It’s clear that

— 1—
DB(fvx) > Z-Dg*(fwr)u
therefore B doesn’t differentiates o (Llog* L(R?)).

Let’s move on the second part of the theorem. First of all, let’s recall the following fact.
Given A, B two bases, we say that A is regular with respect to B if

vVSe#,3BeB: ScB,Bl<|S)

If A is regular with respect to B and B differentiates L!(R™), then so is A. Indeed, for A € A,
if B is the set given by the definition of regularity, there exists a constant ¢ such that

@Am<éém

Maf < cMpf
for all f € L*(R"™). By the Sawyer-Stein principle, we obtain for all A > 0

H{x € R" : Maf(x) > A} < HxER” Mpgf(z) > C}‘N ||];||1

and

and so A differentiates L'(R™). We get back to the proof of the theorem. We assume that B
fails property (S). Then there exists g > 0 and k& € N such that

V(Rl,...,Rk) c B*: Eli#jZRiNRj
3l e [1,k] : diam(R;) > eo.

We note

N :=max{l e N : 3(Ry,...,R)) C B",Vi,j € [1,l],i #j = R; # R;}.
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If (Ri,...,Ry)is al-tuple with [ > k, then there exists i # j such that R; ~ R;. So N is well
defined and N < k — 1. N is then the size of the biggest finite family of rectangles composed
only of pairwise incomparable rectangles. We can have N = 1, it means that all the rectangles
in B are comparable. We fix Ri,..., Ry € B*, N rectangles such that R; o R; whenever i # j.
If R is another rectangle in B*, then by definition of IV there exists an index ¢ € [1, N] such that
R ~ R;. Note that the index ¢ isn’t necessarily unique because of the lack of transitivity for ~.
Then we can write

N
B =|J{ReB :R~R}
=1

N
= |J{R e B*: R~ R, diam(R) < £0} U{R € B : diam(R) > o}
=1

=:BjUE.

The collection E isn’t a differentiation basis, so it won’t influence the differentiation properties of
B*. However, B] is a finite collection of bases generetad by monotonic families of rectangles, so by
proposition 1.28 (we recall that B is invariant by translations), B}, and therefore B*, differentiates
LY(R™). Since B is regular with respect to B*, by the above argument B differentiates L'(R"),
and the theorem is proven. O

In higher dimensions, the situation is much more complicated. Indeed, the covering behavior
of rectangles in R™ is more complex. In his article, Stokolos nevertheless states that the theorem
2.17 holds for the basis B,—1 C R™. By considering projections on hyperplanes of dimension 2,
we come back to the case of the plane.

2.4. Zygmund’s conjecture

We conclude this section by presenting another problem concerning rectangles in R™ whose sides
are parallel to the coordinate axis, motivated by theorem 2.10. The idea is to reduce the degree
of freedom of the rectangles considered in a different way. Let 1 < k < n. Given n functions ¢;

¢i RY — Ry
(t1,. o te) — @it .. ty),

which are non-decreasing in each variable, we consider the basis By in R" composed of axis
parallel rectangles in R™ whose side lengths are of the form

G1(te,y .. tg) X o X Pty ..., tr).

Of course, if ¢;(t1,...,t) = t; for some 1 < j < k and every ¢ € {1,...,n}, then by Zyg-
mund’s theorem (theorem 2.10), the basis By, 4, differentiates L(log™ L)*~1(R™). From there,
Zygmund proposed the following conjecture.

Conjecture 2.21 (Zygmund). The basis By, 4, differentiates L(log™ L)*~1(R™).

For k = n, the basis By, ... 4, is in fact a subbasis of Z, so by theorem 2.3 Zygmund’s conjecture
is true for k = n. For k = 1, the conjecture is also true, the basis By, differentiates L'(R™). The
first non-trivial case is due to Cordoba. In 1978, using geometric argument, Cérdoba prove that
the Zygmund’s conjecture is true for n = 3, see [4].
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Theorem 2.22 (Cérdoba). Let ¢ : R2 — R, be function non-decreasing in each vari-
able. Let By be the basis composed by rectangles with side parallel to the coordinates
axes whose side lengths are of the form

s Xt x p(s,t)

where s,t > 0. Then basis B differentiates Llogt L(R3).

Example 2.23. The basis composed by rectangles with side parallel to the coordinates axes
whose side lengths are of the form
s x t x Vst

where s,t > 0, differentiates Llog™ L(R?).

However, in general case, the conjecture 2.21 is false. Counter examples are exposed by Soria
in [21], or more recently by Rey in [19]. For a basis B included in Zy, Stokolos’s theorem 2.17
asserts that either B differentiates L!(R?), or B differentiates Llog’ L(R?). With this result in
mind, in 2005 Stokolos proposed another version of the conjecture 2.21, see [26]. To this day, we
don’t know whether this conjecture holds or not.

Conjecture 2.24 (Zygmund’s conjecture, by Stokolos). Let B C Z be a basis invariant by
translations. Then, there exists an integer k € {1,...,n} such that B differentiates precisely
L(log™ L)*1(R™).
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3. Sloping rectangles

In this section, instead of considering rectangles with sides parrallel to the axes, we will allow
some slopes. We'll consider bases containing rectangles whose sides are not necessarily parallel
to the coordinate axes. Of course we stay in the plane, n = 2. For a rectangle R € R, we denote
by wr € [0,7) the angle formed by the longest side of rectangle R with the z-axis, see figure 8.
If R is a square, there’s some ambiguity, but it’s not a big deal. Given a set of slopes (also called
a set of directions) {2 C R, we define the basis By C R by

Bq :={R € R :tan(wg) € Q}.

WR

Figure 8: A rectangle in Bq.

Then Bq, is a differentiation basgis invariant by homothecies. As usual, we study the maximal
operator associated to the basis Bg. Such an operator is called a directional maximal op-
erator and is denoted Mg := Mp,. The purpose is to study the behavior of Mq according to
Q.

3.1. Kakeya blow

In the following section, we present a geometric concept very usefull in harmonic analysis. For
example, this concept was used by Fefferman to disprove the ball multiplier conjecture, see [12].
The main idea is to construct some rectangles such that the size of the union of the dilated
rectangles is much bigger than the size of the union of the original rectangles. Of course, we
cannot make this construction with any family of rectangles. If we can do it, we say that we
have the possibility to make a Kakeya blow. Let us formally write this.

7

Definition 3.1 (Kakeya blow). Let B C R be a familly of rectangles. We say that we can
make a Kakeya blow with B if for any A > 1, there exists a finite family of rectangles

{R;:i€ls} CB

such that we have

U 4Ri| > 4| By,

i€y i€l

where 4R; stands for the 4-fold dilation of R; by its center.

\.

Remark 3.2. The constant A must be large.
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Let B C R be a basis invariant by homothecies, and assume that we can make a Kakeya blow
with B. Using the notations from the definition 3.1. We define

Then, for each z € 4R;, i € 14, we have

_ |E4 N4R;| > |R; N 4R;]| _ 1
4Ry T |R;| 16’

1
MpxE,(T) = =05 / XE4(y)dy
4 [AR;| Jup,” "

hence

1
U 4R; C {MBXEA > 16}'
ISP

By the definition of a Kakeya blow, this leads to

1
'{MBXEA P> 16}‘ P A|EA|

for any A > 1. By theorem 1.38, this implies that B is not even a density basis. In summary, the
differentiation properties will be bad if we can make a Kakeya blow with it. Now, the question is
how do we prove that we can make a Kakeya blow with a given basis 5 7 A first tool is Perron
trees. The one presented here allows us to deal with all the rectangles of the plane. We shall
see later that we can adapt the following construction for other directional bases Bg.

Theorem 3.3 (Perron tree). Let (Tk)1 <k <2n be the 2" triangles obtained by joining the
points (0, 1) with two successive points in the list (0,0), (1,0),...,(2",0). Let 3 < a < 1.
Then, we can translate horizontally every triangle T}, into a new triangle T, such that

2"

UT
k=1

2"

U7
k=1

< (aQ" +2(1 - o)

Proof. The first step is to begin with one triangle 7. We cut T in two parts by placing a point
on the in the middle of its basis. We obtain two smaller tringles, 77 and T5.

\
ah > N
T; : \
C T2 \\ S \\

a a 2aa

Figure 9: The triangles 77 and T5.

We shift Ty to left such that the non-parallel sides of 77 and T5 meet at a point of height
ah. We note Ty the shifted triangle. The union 77 U Ty is then composed by a triangle S and
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two other smaller triangles A; and Aj, as shown on figure 9. The triangle S is homothetic to
T =Ty UT5,. Then, it’s easy to see that

S| = o?|T|

and
[A1]+ [Ag] = 2(1 — a)*|T|.

Hence,
1Ty UT5| =[S+ |A1] + |Ag] = (o 4+ 2(1 — a)?) |T].

Now, consider 2" triangles (T;)1 <i<2n. There are 2"~ ! pairs of adjacent triangles (T1,73), ... ,
(Ton—1, Ton).

Figure 10: Initialisation of the Perron tree for n = 3.

To each pair we apply the preceding construction. We obtain the triangles Sy, ..., Son—1 and
sonie excess triangles (A};)Z—:LQ’,C:L._’Q%L We shift Sy to the left so that it becomes Sy adjacent
to S1. Similarly, we translate S3 to the left to a triangle Ss adjacent to §2, etc ... The union
S1US2U---USyn-1 is then homothetic the union of our initials triangles 71 UTo U ... U Ton, so

‘Slu§2u-~u§2n_1 =a?|TIUTU...UTn|.

Furthermore, we also have

‘U{ shifted excess triangles }’ <201 - )TV UThU... U Tonl.

We repeat n — 1 times this operation with the triangle S; U SyU---U §2n—1. We obtain a figure
Ty UTyU---UT9n composed by a triangle H homothetic to T3 UT> U ... U T5» and some other
smaller triangles. We have

|H| < o®™ Ty UTyU...UTh|

and the area of the union of the other triangles is less than

i, 2(1 — )2

<§ :2a2k(1a2)> |T1UT2U...UT2n| < ﬁ‘TlLJTQU...UTQn’
—
k=0

<21-—a)TMUTyU...UTom]|.

Finally, if we let T = T+, we have
2n on
U 7w U 7
k=1 k=1

and the theorem is proven. O

< (@ +2(1—a))
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This construction allows us to make a Kakeya blow for R. For 1 < k& < 2", we construct
a rectangle Ry, associated to T as follows. We denote by Ay, Py, P._1 the vertices of T),. We
define Ry as the only rectangle whose lower left corner coincides withPj_;, and whose upper
right corner M, is such that

1
Ap My, = gAkPk

(see figure 11). Actually, the placement of the point Mj isn’t very important, we just want
Ry, C Ty, not too tiny and “aligned with” Ty. Then, we translate the rectangle Ry along the line
(AgPy—1) such the translated rectangle Ry is such that Ry N7 is a singleton.

Figure 11: The rectangles Ry and Ez

The important fact is that the rectangles EC are pairwise disjoint, see [12, Lemma 3|. We
define e(n, ) := a®* + 2(1 — a). Since Ry, C Tk, we obviously have

2" 2m
U Ry C U Ty
k=1 k=1
and
2n 2n 2n 2"
U Be| < |UTw| < em,0) || | =2(n,0) > ITl,
k=1 k=1 k=1 k=1

because the triangles T}, are disjoint. Furthermore, there exists a constant C' > 1 such that for
all k € {1,...,2"}, |Tx| = C|Rk| = C|Ry]|, so

2m 2m 2m
U | < ctn.a)C Y 1Rl = e(n.a)C || R
k=1 k=1 k=1

because the (]f%vk)keN* are pairwise disjoint. In addition, it’s clear that for each k& we have
Ry C 4Ry. Let A > 1 be given. Then, by choosing « close enough to 1 and n very large, is it
possible to have

1
e(n,a) < o
and
2n 2"
U 4R| > A|(J Rel.
k=1 k=1

It’s then possible to make a Kakeya blow with the basis R, by the above the following
corollary is immediate.
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[ Corollary 3.4. R is not a density basis. ]

In fact, by reading carefuly the construction of a perron tree, we realize that we haven’t used
all rectangles in R, but just some of them with particular slopes. For example, the rectangles
Ry, we just constructed have slopes %1 Symmetrizing the figure, we have the following.

’

Theorem 3.5. If 2 = {% ke N*}, then it is possible to make a Kakeya blow with Bq.

Our next purpose is to adapt this construction to deal with some other set of slopes (2.
Before going further with Perron trees, we are going to present a remarkable theorem proven by
Bateman in 2009, in |2].

3.2. Bateman’s theorem

We start this section by a disclaimer about Bateman’s theorem. Recently, in [15], Hagelstein,
Radillo-Murguia and Stokolos may have found an error in Bateman’s article ([2]). To this day,
we don’t know whether Bateman’s theorem holds, and we don’t have a correction for the proof
yet. In the following, we consider that Bateman’s theorem is true.

Let Q2 be a set of slopes. Roughly, Bateman’s theorem asserts that either the maximal di-
rectional operator Mg is always bounded, or it never is. Bateman even gives us a complete
characterization of both cases. Before stating the theorem precisely, let’s introduce a few defini-
tions.

Definition 3.6. A sequence of real numbers {u : £ € N} is said to be lacunary con-
verging to | € R if there exists a real A\ € (0, 1) such that

[uk+1 — I < Alug =1

for eack k € N.

\.

Examples 3.7. The sequences {27 : k € N}, {f; : k € N} are lacunary (and converging to 0).

Theorem 3.8. Let Q be a lacunary sequence converging to 0. Then Mg is bounded on
LP(R?) for any p > 1.

In 1977, in [6], Cordoba and Fefferman proved that the basis Bg has the covering property
(Va) (see [5]), and so that Mg is bounded on L?(R?). One year later, in 1978, Nagel, Stein and
Wainger used Fourier analysis tecnhiques to show that is in fact Mq is bounded on LP for any
p > 1 (see [17] for details). This result is the starting point for the result of Bateman. We now
introduce the notion of lacunary set (of finite order).

’

Definition 3.9 (Lacunary set of finite order). The lacunary sets are defined recursively.
e A lacunary set of order 0 in R is a set which is either empty or a singleton.

e Let N € N*. We say that a set Q C R is lacunary of order at most N + 1 if there
exists a lacunary sequence L such that : for any a,b € L with a < band (a,b)NL = 0,
the set Q2N (a,b) is a lacunary set of order at most V.

\. J

Example 3.10. The set

11
Q:{éﬂ—l—Qk:k,leN,kkl}
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is a lacunary set of order 2.

Definition 3.11 (Finitely lacunary set). A set Q@ C R is said to be finitely lacunary
if we can recover €2 by a finite number of lacunary set of finite order, i.e. if there exists
Q1,...,Q, which are lacunary of finite orders Ny, ..., IV, such that

Qc o
k=1

We can now enunciate the theorem of Bateman. We refer to [2] for the proof.

Theorem 3.12 (Bateman, 2009). Let © be a set of directions, and 1 < p < oo. The
following are equivalent.

(i) The operator Mg is bounded on LP.
(ii) The set Q is finitely lacunary.

(iii) It’s not possible to make a Kakeya blow with Bg,.

\

Remark 3.13. In his article, Bateman wrote his theorem for 1 < p < oo, but in fact the result
holds for p = co. We can read [8, p5| for some explanations.

Hence, given a set of directions 2, we have the following alternative :

e The operator Mg is bounded on LP for all 1 < p < oco. In this case, we will say that € is
a good set of directions.

e The operator Mg is unbounded on LP for all 1 < p < 0o, and we will say that € is a bad
set of directions.

Our goal is now to know whenever a given set () is a bad set or a good set. From the above,
we have our first examples of bad and good sets of directions.

Examples 3.14. e The set Q2 = {% k€ N*} is a bad set of directions.
e The set Q) = {2*’€ ke N} is a good set of directions.
e The set Q) = {% ke N} is a good set of directions.

Unfortunatelly, the characterization given by Bateman, although comprehensive, is sometimes
very complicated to apply in practice. For example, it seems diffucult to show that {% ke N*}
is not finitely lacunary.

3.3. Generalized Perron trees

We are going to generalize the Perron tree construction we saw earlier. The above construction
deals only with rectangles with slopes in {1/k : k € N*}. The purpose here is to deal with set of

slopes of the form
Q:{_%keW}
Ug,

where {ug }ren~ is a positive stricly increasing sequence (the minus is just here to be coherent with
the figures, but it’s useless and will be dropped). The idea is to adapt the previous construction
to the triangles T, = AURUg_1, where A := (0,1) and Uy := (ug,0). However, there’s a price to
pay, there’s no guarantee that the construction can be carried out for any sequence (uy)ren+-
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Uy Uz Us Uy Us

Figure 12: The triangles Ty, k € {2,3,4,5}.

Compared to the original Perron tree, the main difference is that the base lengths of the
triangles vary. Let us explain what are the consequences for two triangles. Let T, Ty be two
adjacent triangles whose base sizes are respectively a and b, see figure 13.

IN ,

//
\ 1
AI/I \//,/ AQ

a b ala+b)

Figure 13: The triangles T;, and Tj.

Let S be the little triangle homothetic to T, U T} (the red one on the right), and Ay, Ag be
the excess triangles. We have

|S| = a?|T, U Ty,
ofa b
|A1UA2|Z(1—O¢) E+E ’TaUTb|.

Of course, if a = b, we come back to the original construction. For each step of the construction,
we have to ensure that the quanity (% + 2) remains bounded. As in the original Perron tree,
the idea is now to execute this operation with many pairs of triangles. At the end of the day,

using the previous notations, we obtain

< (o + (1 —a)H,)

on
UT:
k=1

on
U
k=1

where H,, is the maximum of the quantities (% =+ g) after n steps in the construction. Then we

have to understand how the quantity H, behaves, for example under what conditions it remains
bounded. Let’s look at what we obtain after two steps. If we consider four triangles with length
basis a, b, c and d, see figure 14, then the new error term is

a+b c+d
c+d a+b
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a b ¢ d ala+b) alc+d)

Figure 14: Generalized Perron tree, n = 2.

If we generalize, at step [ in the construction, the quantity (% + 3) is then of the form

k+2! k42i+!
> (ui —uis) > (i —uisy)
i=k+1 1 i=k+204+1 _ Upy ol — Uk i Upy2l+1 — Upy ol
k211 k42! Up4ol+1 — Uy ol Upyol — Uk
> (ui—uiq) > (ui —uiq)
i=k+214+1 i=k+1

for some appropriate k € N such that k + 2 < 2" and k > 2! (roughly, k represents the group
of 2! triangles chosen). This observation motivates the following definition.

Definition 3.15 (Perron factor). Assume that Q = (ugl)keN*, where (ug)ren C (07 g)
is an increasing set of slopes. We define the Perron factor of (2 as

k425 — Ukt j Uktj — U
( htoj Ukt Ukt T Uk >€[2,oo].

PF(Q) :=
Uk+j — Uk U425 — Uk+j

<. g
VAN
>0

\

Remark 3.16. In the definition, the index j corresponds to the index 2! in our calculation.
Examples 3.17. e If Q= {37 :k €N}, then PF(Q)=2.

o If 0 ={27%:k € N}, then PF(Q) = cc.

In [16], Hare and Rénning proved the following theorem, which is a quantitative sufficient
condition on 2 to be able to make a Kakeya blow with Bg.

Theorem 3.18. Assume that Q = (u;l)keN*, where (ug)gen C (0, %) is an increasing

set of slopes. Assume that
PF(Q) < 0.

Then it’s possible to make a Kakeya blow with Bg.

For example, we can apply the theorem with example 3.17. Because of Bateman’s theorem (if
this last holds), theorem 3.18 has many formulations. Indeed, we have the following equivalences.

PF(Q) < 0o = It’s possible to make a Kakeya blow with Bgq,
& || Mq||p, = oo for any 1 <p < oo,
< () is not finitely lacunary,
< (2 is a bad set of directions.
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The main problem with the Perron factor and its application is that we need some regularity
on the set of directions, the sequence (uy)ren+ must be increasing. For example, what happens
if we try to apply this result for sets of directions such that

3 k 3 k:
Qgin Jin = {blnkf ) ke N*} s Qsinjlac = {Mgi ) ke N*} .

(we are using the notation of Gauvan’s PhD thesis, see [13]). Because of the oscillations of the
trigonometric functions, it seems complicated to write explicitly these sequences as the form used
in the definition 3.15. What we are looking for is a similar result valid for all set of slopes 2 C R.
Such a result was proven by D’Aniello, Gauvan and Moonens, see 7] or [13]. They introduce a
more precise quantity than the Perron factor, the Perron capacity.

Definition 3.19. Let €2 C R be a set of directions. We define the Perron capacity of
Q as
PC(Q) :=liminf inf PF(Q) € [2,00].
N—oco UCQ
#U=2N

Then they proved another quantitative and sufficient condition, usable without restriction on
the set Q.

r

Theorem 3.20 (D’Aniello, Gauvan, Moonens). Let Q2 C R be a set of directions. Assume
that we have
PC(Q) < 0.

Then it’s possible to make a Kakeya blow with Bg.

In the same paper [7], the three authors used theorem 3.20 to deal with the case of iy Jin.
They obtained the following, and its immediate corollary.

7

Theorem 3.21. The Perron capacity of (g jin is finite,

PC(Qsin,lin) < 0.

Corollary 3.22. The set (g, 1in is a bad set of directions.

\

Remark 3.23. Of course the result holds for Qcog 1in := {cos(k)/k : k € N*}.

The case of {gin ac is still open. However, if we replace the sin by a sequence (X} )ken+, where
the X} are random variables uniformly distributed in (0, 1), and independant, then, almost surely,
the set

X *
Qrand,lac = {2: :keN }

is a bad set of directions. Indeed, in his PhD thesis [13], Gauvan proved the following.

Theorem 3.24. The Perron capacity of Q;and lac is finite almost surely, i.e. almost surely
we have
PC(Qrand,lac) < 0.

\

Remark 3.25. The same result is also true for Qand lin-
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3.4. The almost-orthogonality principle

The above gives us a sufficiant condition to be able to make a Kakeya blow. Here, we focus on
the opposite. Is there a condition to ensure that we cannot make a Kakeya blow (and thus assert
that a set is a good set) 7 One possible answer is the almost-orthogonality principle.

Given a set of slopes €2, the idea is to break Q into disjoint blocks and to study our maximal
operator on these separated blocks. We start by introducing some notations. For the rest of this
section, Q will be a set of directions included in [0,7/4), and let Qo C Q be an ordered subset of
Q, i.e. Qo = {Hk’}keN* with

01 >0>-->0,> -

The choice of Qg will be very important, it will determine how do we break the original set
into smaller blocks. Furthermore, we will see that Mg must be bounded on g, otherwise the
theorem would be empty. Then we define for k € N*

Q= {w €N:0, <w< ek—l} =0nN [Gk,ek_l)

with 0y = 7 /4. We assume that we choose g such that
Q=] . (5)
k=1

In [1], Alfonseca, Soria and Vargas proved the following.

Theorem 3.26 (Alfonseca, Soria, Vargas). There exists a constant C' such that

[ MallL2(m2)—r2®R2) < :gliHMQkHLQ(W)_w?(R?) + C| Mgy || L2 (R2)—> L2 (R?)

Remark 3.27. Because of Bateman’s theorem, to study the differentiation properties of Bq it’s
enough to look at the L?(R?) — L?(R?) norm of Mg : if Mgq is bounded on L?(R?), then Mq.
is bounded on LP(R?) for all p > 1.

Let’s explain a way to use this theorem. Imagine that €2 is a lacunary sequence, for example
Q0 = {27%}ren+. By adding this sequence to our set , we can assume that (5) holds. Then by
the theorem 3.8 of Cérdoba and Fefferman, we know that

[ Mayp | 22 (r2)— L2 (R2) < 00

Then it comes that

[Mall2(r2)—r2(r2) S sup [ Mo, || 22 (r2)— L2 (R2)-
We can go further. A way to ensure that the quantity supy > [|Ma,[|12®2)—2(r?) is finite is to
have an uniform bound for the sequence (#)ren+. The following proposition sums it up.

r

Proposition 3.28. Let Q C [0,7/4). Assume that there exists a constant C' such that
for each k € N*
# {w eQ:we [2_k_1,2_k]} < C.

Then 2 is a good set of directions.

We already talked about the case of ()i, 1ac. Can we use the theorem 3.26 for it 7 By the
proposition 3.28, if there exists a constant C' such that

#{keN: Sh;f) c [2—”—1,2—"]} <C
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for each n € N*, then Qg 1ac Will be a good set. We note for n € N*

sin(k) el aen ' L
an ::#{keN: o € [277"1 2 ]} and b, .:Zak.
k=1
One has
— {k eN: su;ik:) c [271,1721]} — 4 {k € [L,n]: sn;ik:) > 2n1}.

We conjecture the following result.

Conjecture 3.29. There exists a constant C' > 0 such that for all n € N*

n n
5" C <, < 5 +C.

By writting a, = b, — by—1, it is clear that the conjecture implies the desired result. To
this day, we don’t know if this conjecture holds or not. Nevertheless, we can prove the following
weaker result

7

Proposition 3.30. One has b, ~ 3.

\.

Proof. For n € N* and x € [0, 1], we denote
F.(z) ={k € [1,n] :sin(k) > =z}
and f,(x) = cardF,(x). By applying the ergodic theorem to the ergodic application

T: R/2rZ — R/27Z
r — x+1

it comes that for = € [0, 1]

arcsin(x)

fn(x) ., T= 2 arcsin(x) _ 1
n  n—oo 2m 2 4

(recall that T is ergodic because 1 ¢ 27 Q).

Let By, := {k €f1,n]: SigEf) > 2‘"‘1}. Clearly, we have B, C F,,(0), so b, < f,(0), and

: b
limsup — <
n—oo N

| =

Let N > 2. Note that forn > N — 2,
E,(27")\{n,n—1,...,n— N +2} C B,.
Indeed, if sin(k) > 27" and k < n — N + 1 then

sin(k) 1 1
2k 2 IN+k 2 on+1’

so k € B,. Thus,
Fa27N) = (N = 1) < by,

and again using the ergodic theorem, it follows that

2_N — (N -1 1 3 2—N
limint > i 2G) W ZD 1 aresin@77)
n—oo n—00 n 2 .
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Thus, for all N > 2, we have

1 arcsin(2=V b b
- — # < liminf = < limsup — <
2 T n—oco N nooo N

N =

Since arcsin(2~") converges to 0 wh en N — 0o, we have

1 b b 1

— < liminf 2 < limsup—n < =

2 n—oo N nooo TN 2
and n

O

Another application of the almost-orthogonality principle is a simple proof of the Katz con-
jecture.

Corollary 3.31. Let Q C [0,7/4) with #Q = N > 1. Then Mq is of strong type (2,2)
and

|Mallp2r2)—r2®2) S log N, (6)

where the implicit constant is independant of 2.

Proof. The fact that Mq is of strong type (2,2) if € is finite is already known. Let  be a set
of directions of cardinality N > 1. We first assume that N = 2™ A > 1, and we will prove
the theorem by induction on M. For M = 1, the result is already known. Assume that M > 2.
We suppose that we have 6 for all sets of cardinal 2%, where 1 < k < M, and we note K the
constant. We order the elements of €2, and note

Q:{w1>w2>--'>wN}.

We define the set Qg as Qo := {wy/2,wn}. Then we have ) = {wi,...,wy/o} and Qo =
{wnja41, - Wi}, and #Q1 = #Qo = % Then, by theorem 3.26, we have

N
[MallL2m2)—r2(R2) < Klog - +2C = Klog N — K log2 + 2C.

So, by choosing K such that K > %, we have the result for N = 2M,
Now, if N is not a power of 2. There exists an integer M > 2 such that 21 < N < 2M_ Let
' be set a of cardinal 2™ such that Q C €. Since [Mallr2m2)— 22y < | Mo |2 (m2)— 12 (R2)

and #€ is a power of 2, we have
M
HMQ||L2(R2)~)L2(R2) < Klog oM — mKlog oM—1 < 2K log N.

The result is then true for the constant K’ = 2K. O
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A. Orlicz spaces

Here we present the basic knowledge we need about Orlicz space. We need these spaces to
generalize Lebesgue spaces LP(R™) and to find intermediate spaces between them. Proofs, details,
and further results about this topic can be found in [18].

Definition A.1 (Orlicz function). An Orlicz function is a function @ : [0,00) — [0, c0)
such that :

e d is convex, continuous and increasing.
e &(0)=0.

e O(t) — o0 as t — o0.

\.

Examples A.2. The following are Orlicz functions.
. <I>:t|—>%,for1 < p < oo.
e &:tr—t(1+1loght).

e d:t—sel —1.

Definition A.3. Given ® be an Orlicz function, we note L®(R") the Orlicz space the
set .

L*®) = {1 e ME): [ (1) <oo}.

Examples A.4. o If B(t) = %, < p < oo, then L®(R") is the Lebesgue space LP(R").
o If ®(t) = t(1 +log™ t), the Orlicz space L?(R") is denoted Llog™ L(R™).

We fix an Orlicz function ®. For f € L®(R"), we define the quantity

I/ l® ::inf{)\>0:/nq><‘§|> < 1}.

Then f is in L®(R") if and only if || f||¢ < co. Thanks to this, we have an interesting structure
on L*(R").

[ Theorem A.5. The space (L®(R"), || - ||¢) is a Banach space.

We also define the notion of weak-type (®, ®).

Definition A.6. Let T be an operator mapping L*(R") into M(R"). We say that T is

e of strong-type (@, ®) if there exists a constant C' > 0 such that

[ aazm <c [ s,

e of weak-type (®, @) if there exists a constant C' > 0 such that

{z € R : [Tf(@)] > A} < c/Rcb('{')
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